The Cell Formation Problem has been studied as an optimization problem in manufacturing for more than 90 years. It consists of grouping machines and parts into manufacturing cells in order to maximize loading of cells and minimize movement of parts from one cell to another. Many heuristic algorithms have been proposed which are doing well even for large-sized instances. However, only a few authors have aimed to develop exact methods and most of these methods have some major restrictions such as a fixed number of production cells for example. In this paper we suggest a new mixed-integer linear programming model for solving the cell formation problem with a variable number of manufacturing cells. The popular grouping efficacy measure is used as an objective function. To deal with its fractional nature we apply the Dinkelbach approach. Our computational experiments are performed on two testsets: the first consists of 35 well-known instances from the literature and the second contains 32 instances less popular. We solve these instances using CPLEX software. Optimal solutions have been found for 63 of the 67 considered problem instances and several new solutions unknown before have been obtained. The computational times are greatly decreased comparing to the state-of-art approaches.
Introduction
The Cell Formation Problem as a part of Group Technology (GT) was introduced by Burbidge (1961) and Mitrofanov (1966) . In the most general formulation it is designed to reduce production costs by grouping machines and parts into manufacturing cells (production shops). The goal of such kind of grouping is to set up manufacturing process in a way that maximizes loading of machines within the cells and minimizes movement of parts from one cell to another. In classical formulation the problem is defined by a binary matrix A with m rows representing machines and p columns representing parts. In this machine-part matrix a i j = 1 if part j is processed on machine i. The objective is to form production cells, which consist of machines and parts together, optimizing some production metrics such as machine loading and intercell movement.
As an example of input data we will consider the instance of shown in Table 1 . This instance consists of 5 machines and 7 parts. The ones in a machinepart matrix are called operations. In Table 2 a solution with 2 manufacturing cells is presented. The first manufacturing cell contains machines m 1 , m 4 with parts p 1 , p 7 and the second manufacturing cell contains machines m 2 ,m 3 ,m 5 with parts p 2 ,p 3 ,p 4 ,p 5 ,p 6 . Some parts have to be moved from one cell to another for processing (e.g. part p 6 needs to be processed on machine m 1 , so it should be transported from its cell 2 to cell 1). The operations lying outside cells are called exceptional elements or exceptions. There can be also non-operation elements inside cells (a i j = 0). These elements reduce machine load and are called voids. So the goal is to minimize the number of exceptions and the number of voids at the same time. 
Related work
Many different approaches are proposed for solving the cell formation problem. The majority of them provide heuristic solutions and only a few exact methods have been suggested. Krushinsky and Goldengorin (2012) provided two MINpCUT exact models based on the well-known k-cut graph partition problem. The objective function considered in this research is minimization of the exceptional elements number for a fixed number of cells. Unfortunately this objective function does not address the load inside cells. Elbenani & Ferland (2012) presented a mixed-integer linear programming model which maximizes the most popular objective for the cell formation problem -the grouping efficacy, introduced by Kumar and Chandrasekharan (1990) . These authors suggested to apply Dinkelbach algorithm since the grouping efficacy is a fractional objective function. Their model allows solving the cell formation problem only if the number of production cells is predefined. Thus the suggested approach cannot guarantee global optimality of the obtained solutions with respect to a variable number of production cells. In many cases the computational times for this model are quite long or memory limitations are exceeded and the optimal solutions cannot be found. Brusco (2015) introduced two approaches for solving the cell formation problem with the grouping efficacy objective. The first is a mixed-integer linear programming model which is based on a general two-mode clustering formulation with some simplifying assumptions (e.g. the numbers of clusters by rows and columns are equal). This model looks interesting, but requires too much time to be solved for many even medium-sized instances. The second approach is a branch-and-bound algorithm combined with a relocation heuristic to obtain an initial solution. The branch and bound approach is able to solve about two times more problem instances and the computational times are greatly improved as well. Generally it runs fine on wellstructured (with grouping efficacy value > 0.65 -0.7) mediumsized problems. Two major assumptions are made for both of these approaches: singletons are permitted (manufacturing cells containing only one machine or one part) that is quite a common practice; residual cells are permitted (cells containing only machines without parts, or only parts without machines). Also the number of production cells is predefined for the both approaches, but for some test instances several values for the number of cells are considered in computational experiments.
Another model is provided in our earlier paper (Bychkov et al., 2014) . There we present a mixed-integer linear programming formulation for the cell formation problem with a variable number of production cells. It deals well with small-sized instances, but nevertheless the number of variables and constraints is huge -O(m 2 p). This does not allow obtaining solutions even for some moderate-sized test instances and in some cases this model runs too slowly.
Some authors used biclustering approaches to solve the cell formation problem. Boutsinas (2013) applied simultaneous clustering for both dimensions (machines and parts) and minimized the number of voids plus the number of exceptional elements. Pinheiro et al. (2016) reduced the cell formation problem to another biclustering problem -bicluster graph editing problem and suggested an exact method and a linear programming model which provides good computational results for the grouping efficacy objective.
Contributions of this research
In this paper we develop a fast compact model providing optimal solutions for the cell formation problem with a variable number of manufacturing cells and the grouping efficacy objective. Unlike the majority of linear programming models our model does not contain a direct assignment of machines or parts to cells. We use machine-machine and part-machine assignments instead of the widely used machine-part-cell assignment. This leads to a compact and elegant formulation considering only constraints which ensure a block-diagonal structure of solutions. It allows us to drastically reduce the number of variables and constraints in our programming model and obtain globally optimal solutions even for some large-sized problem instances.
Computational experiments show that our model outperforms all known exact methods. We have solved 63 of 67 problem instances to the global optimum with respect to a variable number of production cells. We have also found several new solutions unknown before.
We would like to highlight that many researchers in the field use the 35 GT instances dataset provided by Gonçalves and Resende (2004) . These instances are taken from different cell formation research papers (references to the original sources are shown in Table 3 ). Some problem instances in this 35 GT dataset have errors and differ from the ones presented in the original papers. Many researchers including Elbenani & Ferland (2012) and Pinheiro et al. (2016) have performed their computational experiments using these data from Gonçalves and Resende (2004) . We have reviewed all the original sources, comparing and forming the corrected version of this popular dataset. We have also collected many other problem instances less popular and formed a new dataset. All data can be downloaded from website opt-hub.com or researchgate.net (full urls can be found in references).
The paper is organized as follows. In Section 2 we provide the formulation of the cell formation problem. Then in Section 3 we present our new mixed-integer linear programming model. Sections 4 contains the information about datasetes we used for our experiments and the computational results and comparisons to other exact approaches are given in Section 5. The conclusion is provided in Section 6.
Problem formulation
Cellular manufacturing systems apply are aimed to process similar parts within the same production cell, balance machines workload and minimize parts movement from one cell to another during the production process. The most popular objective for the cell formation problem is the grouping efficacy introduced by Kumar and Chandrasekharan (1990) : In comparisson to the other objectives the grouping efficacy function addresses the best block-diagonal structure of the cell formation problem solutions (Sarker, 2001) .
In the literature several constraints related to the minimal size of a cell could be found. The following are the three most popular consideratons:
• allowing residual cells (cells containing only machines or parts)
• allowing singletons (cells with one machine and several parts or vice versa) and prohibiting residual cells
• allowing only cells with at least 2 machines and 2 parts
The most popular option is allowing singletons and prohibiting residual cells. In this section for the classical formulation we assume that singletons can appear in solutions and residual cells are prohibited. In our new model and in computational experiments we consider the first two options.
A straightforward integer fractional programming (IFP) model for the cell formation problem with the grouping efficacy objective function allowing singletons and prohibiting residual cells is given below. We use the following notation: m is the number of machines, p is the number of parts, a i j equals to 1 if machine i processes part j and c is the maximal possible number of production cells. Since each production cell has to contain at least one machine and at least one part we set c = min(m, p).
(IFP model):
Decision variables:
Subject to:
Objective function (1) is the grouping efficacy measure where the numerator is the number of ones inside cells (n in 1 ) and two sums in the denominator are the total number of ones (n 1 ) and the number of zeros inside cells (n in 0 ) respectively. Constraints (2) and (3) require that each machine and each part is assigned to exactly one production cell. The following two inequalities (4) and (5) prohibit residual cells (without machines or parts). The left part of (4) is the total number of machines assigned to the particular cell (this sum is not greater than m) and the right part is the total number of parts assigned to that cell (multiplied by m). It means that if we have at least one machine assigned to some cell there should be at least one part assigned to this cell. This model allows us to have any number of cells in the optimal solution. For example if optimal solution has only two cells then variables x ik and y jk will be zero for all k except only two values of k.
MILP model

Objective linearization
In our paper Bychkov et al. (2014) we have proposed a mixed-integer linear programming model for the cell formation problem which is very similar to the one described in the previous section. One of the most important points there was linearization of the grouping efficacy objective. Our previous idea was to linearize the grouping efficacy objective function by fixing the value of denominator n 1 + n in 0 and considering a range of all possible numbers of voids n in 0 . The lower bound for n in 0 equals to 0 because generally there can be a solution without any voids. The upper bound is computed using the following proposition.
Proposition 1 (Bychkov et al., 2014) . The number of voids in the optimal solution satisfies the following inequality:
where τ is the grouping efficacy value of any feasible solution.
So if we know a feasible solution we can limit the range of possible values for the number of voids. Unfortunately, the performance of this approach strongly depends on the feasible solution we use for obtaining our bounds. This way solving problem instances where grouping efficacy value is low takes too much computational resources (since the number of subtasks is too large) and sometimes we are unable to solve even medium-sized cell formation instances.
In this paper together with using our new mixed-integer linear model we use another way of linearization -Dinkelbach (1967) algorithm. The parametric approach introduced by W.Dinkelbach is one of the most general and popular strategies for fractional programming. It reduces the solution of a fractional programming problem to the solution of a sequence of simpler problems. If we consider a fractional programming model with the following objective function:
then Dinkelbach procedure is the following:
• Step 1 take some feasible solution x 0 , compute
and let k = 1
• Step 2 solve the original problem with objective function Q(x) replaced with F(λ k ) = P(x) − λ k D(x) → max and let x k be the optimal solution
• Step 3 If F(λ k ) is equal to 0 (or less than some predefined tolerance) then stop the procedure and return x k as the optimal solution.
and goto step 2. Elbenani & Ferland (2012) have also used Dinkelbach approach for linearization of grouping efficacy measure. Although their computational times are quite high and the results are given only for the particular fixed number of production cells.
Suggested two-index model
Due to a large number of variables and constraints in threeindex model (Bychkov et al., 2014 ) CPLEX spends too much computational resources solving even small-sized instances (we have solved only 14 of 35 problem instances). Here we introduce a two-index mixed-integer linear programming model for the cell formation problem. The key idea of this model is removing machine-part-cell relation as it has been done in many works before. Instead of mapping elements to cells we use a simple fact that machines within the same production cell have the same set of parts assigned to that cell. The two-index model combines well with the Dinkelbach algorithm and shows impressing performance even on large-sized problem instances. Two-index model:
1, if machines i and k are in the same cell, 0, otherwise
1, if machine i and part j are in the same cell, 0, otherwise
Technically matrix [x ik ] here can be replaced by the one with part-part relations, however the number of machines in problem instances is usually lower than the number of parts (for large-sized instances the difference is significant). As a result we have m 2 variables from matrix [x ik ] and mp variables from matrix [y i j ].
Objective function (7) is the grouping efficacy measure linearized using Dinkelbach method. Constraints (8), (9), (10) set relations between machines and parts to ensure the solution can be transformed into the block-diagonal form (which means its feasibility). The last two inequalities (11) and (12) are optional and prohibit residual cells.
We start with setting λ equal to the best known efficacy value for the considered cell formation problem instance. Then we sequentially solve several two-index problems according to the Dinkelbach algorithm and update λ value with the solutions found until our objective function is above 0. 
Test instances
For our computational experiments we have used two datasets, Testset A and Testset B.
Testset A -Classic. The first dataset is a classical 35 GT problem set taken from Gonçalves and Resende (2004) . It contains 35 test instances with sizes from 5 × 7 up to 40 × 100 (machines × parts notation). This dataset is very popular among cell formation researchers and there are lots of computational results obtained by different methods (heuristics and metaheuristics generally). As we highlighted before some problem instances in this dataset have inconsistencies with the original papers they are published in. We have compared these instances to the original ones and corrected the dataset.
Testset B -Extra. Another dataset named Testset B consists of other instances taken from different papers. We have looked through many papers on the cell formation problem and formed this new set. There are 32 test instances with sizes from 6 × 6 to 50 × 150. A couple of instances from this set have been adopted to the classical formulation of the cell formation problem.
Since the number of machines determines the size of our model (the number of decision variables and constraints) we consider 3 classes of problem instances.
• small (less than 10 machines)
• medium (from 10 to 20 machines)
• large (20 machines or greater)
For our data we can conclude that Testset A has 2 times more large instances, but less medium and small instances (see Table 4 ). 
Computational results
For our computational experiments we consider two most popular versions of cell size constraints:
1. Residual cells are prohibited, singletons are allowed (each cell has at least 1 machine and 1 part) 2. Residual cells are allowed (cells with only machines or only parts can appear in the final solution)
Several state-of-art exact approaches have been chosen for comparisons. As a platform for our computations we have used a system with Intel Xeon processor running at 3.4 GHz with 16GB RAM and CPLEX 12.4.0 installed. Due to high-quality initial solutions the Dinkelbach algorithm makes only one or, in rare cases, two iterations. Table 3 have been studied widely in the literature. We report results separately for the formulation where minimal cell size is 1 × 1 (Table 7 and Figure 1 ) and the formulation with residual cells allowed (Table 8 and Figure 2) . In the first case we have selected two approaches for the results comparison:
1. The MILP model by Elbenani & Ferland (2012) 2. The MILP model by Bychkov et al. (2014) Elbenani & Ferland (2012) considered a simplified formulation of the cell formation problem solving every problem instance only for one fixed number of production cells. These authors have performed computational experiments on an AMD processor 2.2 GHz with 4GB RAM. For Testset A we use the best efficacy results from the literature as initial values for λ parameter.
In case of unrestricted cell sizes (residual cells are allowed) we have compared our results to the following approaches:
1. The branch-and-bound algorithm by Brusco (2015) 2. The ILP model by Pinheiro et al. (2016) 3. The iterative exact method by Pinheiro et al. (2016) Brusco (2015) considers several values for the number of cells for some problem instances, so in this case we compare our computational time with these times summed up for every test instance. As hardware platforms Brusco (2015) reports 3.4 GHz Intel Core i7-2600 with 8GB RAM and Pinheiro et al. (2016) the same 3.4 GHz Intel Core i7-2600 with 32 GB RAM.
Since Elbenani & Ferland (2012) and Brusco (2015) do not consider all possible numbers of production cells we show the number of cells in brackets for these approaches.
Results
The results for Testset A are summarized in Table 7 and Table 8. For each algorithm we report the grouping efficacy value and the running time in seconds. Since our testset is larger than the one used by Brusco (2015) the missing results are marked as "-". For some problems exact solutions have not been obtained because CPLEX runs too long or takes too much memory. These instances are marked as "*". Elbenani & Ferland (2012) solved 27 problem instances but only for the one fixed number of production cells for each problem instance. Our new model provides global optimal solutions (with respect to any possible number of cells) for 31 of 35 problem instances. For problem instance A33 we have found a new solution with grouping efficacy 0.48 unknown before.
For 17 instances: A14-A21, A23-A26, A28, A30, A31, A34 and A35 we are the first to prove the global optimality of the best known solutions with respect to a variable number of production cells. Running times bar chars for Table 7 are presented in Figure 1 . Here we have used logarithmic scale with base 10 for Y axis (running time). Our new model shows really good performance, it works from 7 to 43383 times faster than the model from Elbenani & Ferland (2012) and from 11 to 1833 times faster than the model from Bychkov et al. (2014) . We must underline that although we use a better hardware platform than Elbenani & Ferland (2012) , our problem formulation is more complicated than a formulation with a fixed number of cells.
The results for the formulation with no constraints on cell sizes are summarized in Table 8 . The model suggested by Pinheiro et al. (2016) solved 27 problem instances to the global optimum. Our approach has obtained exact solutions for 32 of 35 test instances. In addition for problem instances A18, A33 and A34 we have found new solutions unknown before.
Running times bar charts for Table 8 are presented in Figure 2. Here we have chosen the ILP model from Pinheiro et al. (2016) for comparison since it has a better performance than the exact iterative method of the same authors. In Figure 2 we have also used logarithmic scale with base 10 for the first and second plots (instances with running times less than 60 seconds and less than 5000 seconds). For the last plot (instances with running times less than 1500000 seconds) we have used logarithmic scale with base 100. We can see that the two-index model runs up to 1 million times faster than the branch-andbound algorithm by Brusco (2015) and up to 161 times faster than the ILP model by Pinheiro et al. (2016) .
Inconsistencies
The classical dataset of 35 GT problems from Gonçalves and Resende (2004) have been used for many years by the cell formation researchers for computational experiments and results comparison. Unfortunately, the dataset contains several inconsistencies with the original sources: papers from to Chandrasekharan and Rajagopalan (1987) (see Table 3 ). Many researchers have used corrupted instances and sometimes add some new inconsistencies. Therefore obtaining results for these problems and comparing it to results of other approaches becomes a really difficult task. One of the goals of this paper is to provide correct data for the cell formation researchers. In this paper we mark usage of inconsistent data with superscript E . We have not been able to obtain results reported in Elbenani & Ferland (2012) for problem instances A15 and A31 using both possible data sets -dataset from Gonçalves and Resende (2004) and our corrected version. Probably some other data have been used. Several instances provided by Gonçalves and Resende (2004) , which are different from its original sources (papers from to Chandrasekharan and Rajagopalan (1987) , see Table 3 ), have been also used by Pinheiro et al. (2016) . These instances are A1, A7, A14, A15, A17, A20, A21, A25 and A30. For a fair comparison we have also run our model using the same input data (see Table 6 ). Our experiments have confirmed all the results obtained by Pinheiro et al. (2016) . Also we can conclude that the running times of our model have not changed much on these input data.
Testet B results
Since the test instances from Table 5 are less popular in research papers our goal is just to obtain optimal solutions for this set. We have used our multi-start local search heuristic (Bychkov et al., 2013) to get good solutions which are then passed as initial values for λ parameter (we pick the best solution found by the heuristic within 30 seconds).
The results for Testset B are shown in Table 9 . Here we have found optimal solutions for 31 of 32 test problems. Another result is an excellent performance of our multi-start local search heuristic algorithm: only one of 32 instances solved by the heuristic differs from the exact solution (instance B18). Due to the high computational complexity we are unable to solve the largest problem in the set -problem B32 (50 × 150).
Conclusion
The cell formation problem is a well known combinatorial optimization problem with a high computational complexity. A very few authors have suggested exact approaches for the most popular problem formulation with the grouping efficacy objective function. The majority of these works assume that the number of production cells is predefined. In this paper we suggest a new compact and effective integer linear programming model for the cell formation problem with a variable number of production cells. The model is based on the machine-machine and part-machine relations instead of the widely used machine-partcell relation. It allows us to drastically reduce the number of variables and constraints in the resulting integer linear program. Computational experiments show that our new model outperforms the state-of-art exact methods. We have solved 63 of 67 problem instances to the global optimum with respect to a variable number of production cells. We have also found several new solutions unknown before. Unfortunately many problem instances from the cell formation datasets have inconsistencies with the original papers. This makes it really difficult to perform computational experiments and compare results to other approaches in the field. We have extracted and checked over 67 problem instances. All these data are available for downloading from website opt-hub.com or researchgate.net and we hope it will help the researchers in this area. The suggested model can be also used for solving biclustering problems and this is one of the directions of our future work.
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